The uniqueness theorem for the ergodic maximal operator is proved in the continuous case.
Remark. Condition
is necessary for the validity of the theorem. If µ(X) = ∞, then f * = 0 a.e. for every negative integrable f , since lim t→∞ 1 t t 0 f (T τ x)dτ = 0 for a.a. x ∈ X because of the Ergodic Theorem (see [1] ).
First we need several lemmas.
Then
Proof. That f * ≥ λ 0 a.e. follows from the Ergodic Theorem:
(see [1] , [6] ). The Maximal Ergodic Equality asserts that
(see [6] , [2] ), and if µ(f * > λ) = µ(X) for some λ > λ 0 , we would get from (4) that µ(X) = λ −1 X f dµ. This implies λ = λ 0 , which is a contradiction.
Lemma 2. Let (T t ) t≥0 be an ergodic semigroup of measure-preserving transformations on a finite measure space (X, S, µ) and let f ∈ L(X). Then f (x) = λ 0 for a.a.
x ∈ (f * = λ 0 ).
Proof. The Local Ergodic Theorem,
(see [6] ), implies that
On the other hand we have
because of Maximal Ergodic Equality (see (4)). It follows from (6) and (7) that (5) holds.
For a locally integrable function ξ on
Obviously, for each λ the set
. We shall use the following well-known facts about the connected components of this set (see [5] , p.58): (10)
which obviously implies the validity of the lemma.
which finishes the proof.
and taking into account that τ n → t, τ n − τ → 0 (because of (12)) and (τ n − τ n )/(τ n − t) → 1 as n → ∞, we shall get (11). If τ / ∈ (M ξ > λ) for some τ ∈ (t, t + δ), then (t, τ ) is covered up to a set of measure 0 with the connected components of (M ξ > λ). In other words, there exist connected components
and (11) holds. The lemma below is actually proved in [3] . It is given here for the sake of completeness. Hence, if another function η ∈ L loc (R + 0 ) is given such that M ξ(t) = M η(t), t ≥ 0, then ξ(t) = η(t) for a.a. t ∈ a, b).
Proof. We shall show that the values M ξ(t), t ∈ a, b), uniquely define the function
Assume t fixed and let λ t = M ξ(t). For each γ ∈ [λ, λ t ) suppose a γ , b γ ) to be the connected component of (M ξ > λ) which contains t and sup-
It is easy to show that Ψ : γ → b γ is a non-increasing function on [λ, λ t ] continuous from the right. Observe also that Ψ is uniquely defined by the values M ξ(t), t ≥ 0.
Let D be the set of points of discontinuity of this function, set
for γ ∈ D, and let
Then the interval [t, b], as a range of the non-increasing continuous from the right function Ψ, can be divided into pairwise disjoint parts:
where
and
Note that E 3 is a countable set and the intervals (b γ , b γ ) γ∈D are disjoint.
Observe also that for each e ∈ E 1 there exists unique γ ∈ [λ, λ t ] such that e = b γ = Ψ(γ). Hence, Ψ −1 exists on E 1 .
On the other hand, for each γ ∈ (γ, λ t ) we have (9)). Hence, taking into account that b γ → b γ when γ → γ, we can conclude that ξ(b γ ) ≥ γ, which together with (18) implies that
Thus ξ = Ψ −1 a.e. on E 1 (see (16)) and consequently
If γ ∈ D, then
(since M ξ(b γ ) ≤ γ) and for each γ ∈ (λ, γ) we have
is a connected component of (M ξ > γ ) and b γ ∈ a γ , b γ ) (see (9)). Hence, letting γ converge to γ from the left and taking into account (14), we get
This together with (20) implies that
(see (17)). It follows from (13), (15), (19) and (21) that
Thus h(t) is uniquely defined by the function Ψ.
for a.a. τ from some neighbourhood of t.
Proof. If we take λ ∈ (M ξ(t ), M ξ(t)), then t / ∈ (M ξ > λ) and some finite connected component of (M ξ > λ) includes t. For a.a. τ from this interval (22) holds by virtue of the lemma.
Proof of Theorem. Equality (2) implies that ess inf f * = ess inf g * ≡ λ 0 .
Consequently,
for a.a. x ∈ X (see (26)). Take x ∈ X for which (28), (29), (30) and (31) hold (note that almost all x have this property). Let E = {t ≥ 0 : 
